We show that in an open quantum systems subject to locally acting dissipation, a part of the system degrees of freedom evolve in time according to a classical Markov dynamics. We further demonstrate that, in the Zeno regime, a relaxation of the reduced density matrix to a pure quantum state corresponds to the convergence of an associated classical Markov dynamics towards an absorbing state. Unlike the classical scenario, where the typical absorbing states are featureless, for dissipative quantum systems, due to the presence of additional degrees of freedom evolving coherently, "absorbing" steady states turn out to be non trivial. Extending this correspondence to absorbing states with internal structure (closed sets), we suggest a general criterion for a Zeno-limit nonequilibrium stationary state to have a finite rank. Our findings are illustrated considering a spin chain driven dissipatively at the edges towards spin states with fixed polarizations. For this system, we find exact stationary solutions of rank 2.
a. Introduction The dynamics of a classical Markov process with an absorbing state, e.g., a gambler ruin problem, stops once the absorbing state is reached, i.e., the gambler has no more coins left. All the other states in which the gambler has a finite number of coins, provided that there exists a bank having an infinite money reserve, are transitory states. Reaching an absorbing state marks the end of the time evolution [1] .
The aim of this communication is to show that classically trivial absorbing states can have, in the framework of a Lindblad master equation (LME), a rather nontrivial quantum content. They can be dark states, i.e. pure steady states, or steady states of a reduced rank r of the dissipative attractor dynamics. We focus on systems in which the dissipator only couples to part of the system as it is for example the case for boundary driven systems.
In an open quantum system, whose temporal evolution is described by a Lindblad master equation, the part of the degrees of freedom corresponding to the eigenstates of the system Hamiltonian, evolve via a classical Markov process (MP), the so-called Pauli master equation [2] . This MP, however, does not provide substantial information about the nonequilibrium stationary state (NESS) of the system, since the eigenstates of the system Hamiltonian do not coincide, in general, with those of the NESS. The situation becomes different in the Zeno regime [3] [4] [5] , which is governed via an effective Hamiltonian [6, 7] , and an effective dissipator [8] , since, in this limit, the effective Hamiltonian commutes with the Zeno NESS [6] . The quantum Zeno regime needed for the validity of our findings is reachable experimentally [10] [11] [12] [13] [14] [15] , and has applications ranging from engineering dissipative quantum gates [16] and topological states [17] to quantum simulators [18] and universal quantum computations [19] [20] [21] [22] [23] .
In the present communication we propose a criterion for a NESS in the Zeno limit to have an arbitrary reduced rank r smaller than the system dimension for a system with a unique NESS. Our criterion contains a classical part, inherited from the theory of Markov processes with absorbing states, and a quantum part, stemming from intrinsic LME properties in the Zeno limit. The criterion is formulated in terms of the spectral problem of the dissipation-projected Hamiltonian, which is drastically simpler then the original Liouvillian problem.
After formulating the general setup of the problem, we revisit the connection between the temporal evolution of the reduced density matrix in the Zeno limit and the classical Markov processes. Then, we establish a link between a pure NESS and a MP with an absorbing state. Next, we formulate a criterion for the dissipative generation of a quantum state of arbitrary rank r in the Zeno limit. We show the validity of the criterion at the example of the paradigmatic 1D XXZ-spin model with dissipative boundary driving and show that exact NESS solutions with rank r = 1 and r = 2 exist.
b. Finite rank NESS and its connection to a Markov process
We consider an open quantum system with Hilbert space H of finite dimension d and a strong dissipation acting only on a part of its degrees of freedom, namely, the subspace H 0 of dimension d 0 . We assume that the global Hilbert space can be partitioned as a tensor product of H 0 and H 1 , H = H 0 ⊗ H 1 , where H 1 is the remaining part of the Hilbert space not directly coupled to the dissipation. The time evolution of the system is described via the Lindblad master equation,
Here the Hamiltonian H describes the unitary part of the dynamics, and D is a Lindbladian dissipator describing the in-teraction with the environment via Lindblad operators L k ,
We assume that the effective dissipation strength Γ is much stronger than the unitary part of the evolution, and that the dissipator D alone targets a unique steady state with the density matrix ψ 0 in H 0 , namely, Dψ 0 = 0.
In the limit of large Γ and time t ≫ 1/Γ, the Lindblad dynamics is effectively limited to the decoherence-free subspace, namely, ρ(t) ≈ ψ 0 ⊗ R(t). In fact, it has been shown in [8] that, if the dissipator is diagonalizable with spectrum Dψ n = ξ n ψ n (n labeling different right eigenstates of D), then
is determined by the renormalized master equation
whereH,D describe effective unitary and dissipative temporal evolution within the dissipation-free subspace, and can be calculated from H, D of the original Lindblad master equation (1) with the help of the Dyson expansion with respect to 1/Γ parameter [8] . In general, see [8] ,H, apart from the zero order term lim Γ→∞H = h D , can have a O(1/Γ) correction. In the following we set = 1. The dissipation projected Hamiltonian h D , is given by [8, 24] 
i.e., h D corresponds to a projection of the original Hamiltonian H on the decoherence-free subspace governed by the kernel ψ 0 of the dissipator D.
For simplicity, we assumeH = h D , and expand the steady state solution of Eq. (3) R ∞ (Γ) in powers of 1/Γ,
The series is convergent for sufficiently large Γ.
We are mainly interested in the final nonequilibrium steady state described by the density matrix ψ 0 ⊗ R
We insert the ansatz (5) in Eq. (3) for the steady state and compare the orders of 1/Γ k . First two orders k = 0, 1 yield
Note that further orders 1/Γ k with k > 1 cannot be trusted since Eq. ∞ which is always possible to find since both are hermitian and commute (6) . We write R (0) ∞ in this basis as
where d 1 is the dimension of the subspace H 1 . Let us now rewrite Eq. (7) as a set of scalar equations using the basis |α , namely
We postpone an analysis of the complete set Q αα ′ = 0 and first look at diagonal subset Q αα = 0, for all α. Assuming the effective dissipatorD to be of the canonical formD· =
, we obtain, after some algebra, a closed set of equations for ν ∞ α ,
We recognize in (10) a steady Master equation of a Markov process with transition rates w αβ between the states α and β. Note that the factor 1 Γ in Eq. (11) drops out in the equation (10) determining the steady state. However, we prefer to keep it, since in the time-dependent equations the factor 1/Γ signals the Zeno behaviour, that the relaxation towards the steady state, described via transition rates w βα slows down with an increased dissipation strength, see [6, 8] . The Perron-Frobenius theorem guarantees the existence of a solution of Eq. (10) with non negative entries ν ∞ α , which, according to (8) , have the physical meaning of the eigenvalues of the reduced density matrix in the Zeno limit R (0) ∞ , obeying the normalization condition α ν ∞ α = 1. In the following we establish a criterion for a Zeno NESS R (0) ∞ to have a reduced rank r < d 1 . We start with the case of pure NESS corresponding to r = 1, when R (0) ∞ = |0 0| and generalize it afterwards. We remark that this case was already considered in [27] , but now we revisit it using the stochastic interpretation.
c. Existance of a pure NESS In order to have a pure NESS of the form R (0) ∞ = |0 0|, the existence of a unique steady state solution of the Markov equation (10) is required. This means that for all β = 0, . . . , d 1 − 1, the solution fulfills ν ∞ β = δ 0,β . To distinguish between the steady state solution of Eq. (3) and the steady state solution ν ∞ α of the classical Markov process (10), we shall call the latter Markov process steady state.
In the stochastic Markov picture, a unique Markov process steady state of the form ν ∞ β = δ 0,β can arise if and only if the state α = 0 is an absorbing state of the Markov process. This means that the system cannot escape from the state 0, namely,
for any α > 0,
while all the other states of the Markov process α > 0 are transient. Thus, we establish a link between a pure NESS and an auxiliary classical Markov process with an absorbing state.
d. NESS of an arbitrary reduced rank r Analogously, we interpret a Zeno NESS of rank r smaller than the full rank, r < d 1 ,
as a consequence of the existence of a closed subset of states in the auxiliary classical Markov process with rates w αβ satisfying closed set condition w zα = 0, for all z < r and α ≥ r. At this point, however, one should not forget that our original problem is an intrinsic quantum problem, not describable by just real eigenvalues ν ∞ z . In particular, we have up to now neglected the conditions arising from off-diagonal values of Q α,α ′ . What is the full set of conditions which guarantee the Zeno NESS to have a reduced rank? We postulate that an answer to this question is given by the following criterion:
Criterion. Let |α be an eigenbasis of the dissipationprojected Hamiltonian h D , λ α being the respective eigenval-
(1) in the Zeno limit, if and only if the following three conditions are satisfied: (A) states z = 0, 1, . . . , r − 1 form a closed ergodic set in the associated Markov process, defined via the transition rates w αβ = k γ k | β|L k |α | 2 /Γ; (B) all the other states r, r + 1, . . . , d 1 − 1 are transient; (C) for any state |α such that λ α = λ z , where α belongs to the transient set and z belongs to the closed set, we have z| k γ kL † kL k |α = 0. Before proceeding to justify the criterion, we note that conditions (A) and (B) are rooted in the associated classical Markov process, while condition (C) has an intrinsically quantum origin. Let us note that for the Zeno-limit NESS to be a pure state (r = 1) necessary and sufficient conditions were verified by an alternative method in [27] . The conditions given in [27] are equivalent to our conditions (A), (B), (C) for r = 1 which proofs the criterion for r = 1.
Proof of the necessity of the criterion.. In brief, conditions (A) and (B), together with the stochasticity property of the transition matrix, provide the existence of a unique steady state solution of the associated Markov process, with ν 0 , ν 1 , . . . , ν r−1 nonzero and ν k = 0, for k ≥ r.
To see this, consider the full set of scalar equations in (9) .
∞ ]|α = 0 and using Eq. (13), we find that the equations Q αα = 0 for α ≥ r are trivially satisfied. The equations Q zz = 0, with z = 0, 1, . . . , r − 1 yield a steady state master equation (10) for steady state probabilities ν ∞ z inside the closed set. Condition (C) enters the criterion only if the Hamiltonian h D has a special degeneracy, namely, λ α = λ z , where z belongs to the closed set and α to the transient one.
The off-diagonal conditions in Eq. (9), namely, Q zα = 0, with z ≤ r − 1 and α ≥ r, yield, after some algebra,
In deriving Eq. (14) we used the properties for α ≥ r R
∞ |α = 0 and z|L † n |α = 0. The latter follows from the closed set property (A), namely, w zα = n γ n | α|L n |z | 2 = 0. Note that in virtue of our assumption (13) we have ν ∞ z = 0, thus, if λ z = λ α , the RHS of Eq. (14) must vanish, yielding the condition (C) of the criterion. In conclusion, conditions (A), (B), (C) are indeed necessary for the NESS in the Zeno limit to have rank r.
Argument for sufficiency of criterion. Whereas the necessity of the conditions in the criterion is proved, the question of sufficiency appears more delicate. For the pure state case, r = 1, sufficiency of our criterion has been rigorously proved in [27] . For higher ranks r > 1 we do not have a rigorous argument so far. Instead, here we checked our criterion for r = 2 numerically for a specific model, dissipatively driven spin chains.
Below, we reformulate the conditions (A) and (B) of our criterion in the form adapted for practical usage.
Reformulation of the conditions (A) and (B). In the following we show how to check the conditions (A) and (B) given the rates w αβ .
Condition (A) is equivalent to w zα = 0, for all z ≤ r − 1 and α ≥ r,
complemented with the requirement of ergodicity: each state within the closed set is reachable from any other state in the closed set in a finite number of steps. In order to check condition (B), write the transition matrix F (the matrix with elements F βα = w αβ for β = α, F αα = − β =α F βα ) satisfying the closed set conditions (15) in the canonical form [9] 
where X ii = − j =i X ji and K ii = − j =i K ji − j R ji . The steady state equation
This solution is unique if and only if all the other states are transient, which is equivalent to the absence of zero eigenvalues in the spectrum of K, i.e., det K = 0.
Indeed, assume det K = 0 and split the equations
By the assumption (17), Eq. (19) has only the trivial solution ν ∞ β = 0, for all β > 0. Thus the closed set solution is the only solution of Eqs. (18) and (19) . Conversely, if det K = 0, then a nontrivial solution of Eq. (19) exists, and, due to the Perron-Frobenius theorem, it has non negative real entries. This corresponds to the existence of another closed set of states within the "transient" set of states α = r, r + 1, . . . , d 1 − 1, and, therefore, to a violation of the transient hypothesis. Consistency of Eq. (18) is guaranteed by the decomposition theorem for finite Markov chains [9] .
e. Example of a dissipatively driven one-dimensional XXZ spin chain In the following, our findings are illustrated with examples based on dissipatively driven one-dimensional XXZ spin chains. We start deriving the operators determining the effective dissipative dynamics for a boundary driven XXZ spin chain.
Consider a chain with N sites occupied by spins s = 1/2 and described by the anisotropic Hamiltonian
where σ n = (σ x n , σ y n , σ z n ) is the vector of the Pauli matrices at site n and J = diag(J x , J y , J z ) the anisotropy tensor of the exchange interaction. We choose a dissipation acting at the boundary sites 1 and N .
To be more specific, the above dissipation is realized by applying two Lindblad operators at each end of the chain,
Here |0 L,R is an arbitrary state in C 2 , and |0 ⊥ L,R its orthogonal projection, 0 ⊥ L,R |0 L,R = 0. This dissipation drives the spins 1 and N into generic mixed states ψ L 0 and ψ R 0 given by
Let us parametrize |0 L,R via spherical coordinates
The expectation value of the magnetization driven at the boundary spins is µ L,R n L,R = tr( σψ L,R
is the polarization.
In [8] we have demonstrated that in the Zeno limit the effective dynamics of this model is described by a Lindblad master equation of type (3) for R(t) = tr 1,N ρ(t), withH = h D and D =D L +D R given by
Here the operators act in H 1 , the Hilbert space of the inner spins 2, 3, . . . , N −1 of the original spin chain. We have renumerated these N − 2 inner spins as 1, . . . , M = N − 2.
Each D g is a Lindblad dissipator of standard form as defined in (2) . The corresponding effective Lindblad operators g 1L , g 1R , g 3L , g 3R are given by
where n ′ L,R = n π 2 − θ L,R , ϕ L,R + π and n ′′ L,R = n π 2 , ϕ L,R + π 2 are unit vectors forming an orthonormal basis with n L,R .
f. Pure state r = 1 As a first example of application of our finite rank Zeno NESS criterion, we consider a Zenolimit NESS consisting of a pure spin-helix state (SHS) r = 1,
This state describes a frozen wave-like spin structure, formed by a rotation of a local spin around the z-axis, along the chain, with constant twisting azimuthal angle difference ϕ between any two neighbouring spins. Indeed, the expectation value of the local spin at site k is ξ| σ k |ξ = (sin θ cos[ϕ(k − 1)], sin θ sin[ϕ(k − 1)], cos θ).
Using the notation from above, we rewrite the pure SHS state in the form of a rank 1 NESS with left and right dissipation target states, namely, (21) and (22) . Further we used
Using the given values in the general expression we obtain that this case corresponds to only two non-zero Lindblad operators L L 1 and L R 1 . The resulting effective Lindblad operators areL 1 = g 1L andL 2 = g 1R , with corresponding dissipator coefficients γ 1 = γ 2 = 4. It follows that the associated effective dissipator isD
One can check that (25) is an eigenstate of h D with eigenvalue λ 0 = (N − 1)J cos ϕ. This state is also an eigenstate of g 1L and g 1R with eigenvalues −κ and κ, respectively, where κ = iJ sin θ sin ϕ.
In [28, 29] it has been shown that Eq. (24) is the exact Zeno-limit NESS of the boundary driven XXZ spin chain with anisotropy J x = J y = J z /∆, provided ∆ = cos ϕ, targeted single spin states ψ L,R 0 fit the SHS (24), and provided, in addition, that (24) does not contain collinear spins.
We now turn to discuss the connection to the Markov process. The stochastic transition matrix of the auxiliary Markov process is defined via the rates w αβ given by Eq. (11), where |α , |β are the eigenvectors of h D . We thus find
One can check that (25) is also an eigenstate of g 1L and g 1R with eigenvalues −κ and κ, respectively, where κ = iJ sin θ sin ϕ. Using the orthogonality of the eigenbasis of h D , we get α|g 1L |0 = α|g 1R |0 = 0 for all α > 0, leading, see Eq. (27) , to the absorbing state condition (12) . The relaxation of the global reduced density matrix towards a pure NESS thus corresponds, in the language of the auxiliary Markov process, to a convergence of the classical Markov process towards an absorbing state. Furthermore, it has been proved in [27] via a different method that in the Zeno limit the NESS converges to the pure state |ξ ξ| if and only if Eq. (17) and condition (C) are satisfied, in accordance with criterion for r = 1. This concludes the discussion of the validity of the criterion for the case r = 1.
g. Steady state of reduced rank r = 2 Our criterion is here used to find a Zeno-limit NESS of rank 2 for the dissipative XXZ model. We can determine the parameters of the model in such a way that condition (A) for r = 2 is satisfied, namely, there exists a closed set of two states in the associated Markov process. Choose the first and the last spin of the chain to be dissipatively projected into parallel or antiparallel states, ϕ R − ϕ L = nπ, while keeping θ L = θ R = θ, and set ∆ = cos ϕ = cos(2mπ/(N − 1)) for parallel orientation and ∆ = cos ϕ = cos((π + 2mπ)/(N − 1)) for antiparallel orientation. Then, two eigenstates of the dissipation-projected Hamiltonian can be found, namely, the state |0 + given by Eq. (25) and the state |0 − obtained from |0 + by changing the sign of the helicity, ϕ → −ϕ. Both the eigenstates |0 ± have the same eigenvalue λ 0 = (N − 1)J cos ϕ.
The states |0 ± are in general not orthogonal, 0 − |0 + = η, where η can be real or imaginary, η * = ±η, depending on the parameters. For general θ = π/2, the overlap η can be expressed via a q-Pochhammer symbol,
Equation (28) simplifies for θ = π/2. Out of the states |0 ± , we build the orthonormal combina-
Using the fact that |0 + is eigenstate of g 1R and g 1L with eigenvalue κ and −κ, respectively, we find
It follows that the rates of the associated effective Markov process are
Equation (31) corresponds to the closed set conditions (15) for the states with labels z = 0, 1, while w 10 w 0,1 = 0 provides the ergodicity of the closed set. Moreover, the system F ν ∞ = 0, equivalent to ν ∞ 0 w 01 = ν ∞ 1 w 10 , is solved by
The explicit form of the rank 2 state, that appears in the Zeno limit is [30] . Let us note that for all cases in which this states is the NESS (see below) the overlap η reduces to
Finally, we need to check conditions (B) and (C). Unlike condition (A), we check them numerically, diagonalizing h D . The results obtained for chains with size 3 ≤ N ≤ 13 are summarized in Table I .
Analysing Table I we notice a pattern with simple geometrical interpretation. All criterion conditions for rank 2 Zeno NESS are satisfied if and only if the state (24) does not contain any pairs of collinear spins, except for the two boundary spins, which are parallel by construction. In other words, the Zeno-limit NESS has rank 2 if and only if ϕ = (πm)/(N − 1) (36) and N − 1 is not a multiple of m.
(37)
Note that m is an integer in the range 1 ≤ m ≤ N −2 (the case m = 0 is trivial since it corresponds to zero helicity). Let us demonstrate this at the example of N = 9. For parallel boundary spins, ϕ(N − 1) = 2πm, a rank 2 state only appears in the Zeno limit when ∆ = cos[(2πm)/8] with m = 1, 3, 5, 7.
Additionally, if N − 1 is a prime number, (37) is always satisfied, i.e. Zeno NESS with rank 2 appears for all anisotropy values ∆ = cos[(2πm)/(N − 1)], with m = 1, 2, . . . , N − 2.
Thus, we conclude that we have shown numerically the rank r = 2 NESS occurs if and only if the conditions (A)-(C) are satisfied.
h. Conclusion In conclusion, we have established a link between a quantum dissipative NESS with reduced rank and an auxiliary classical Markov process with absorbing states (closed sets). This link paves the way for a study of quantum master equations (rather an unexplored subject, at present time) using the well developed theory of classical Markov processes. In the present paper, using this link, we suggested a criterion for a NESS in the Zeno limit to have a reduced rank. The criterion is illustrated with an example in which rank 1 (pure NESS) and rank 2 NESS solutions appear in dissipatively boundary driven XXZ spin chains. Noteworthy, our criterion has a "classical Markov process" part, (properties (A) and (B)), and an intrinsic quantum part (property (C)), which has no classical analog, being related to a degeneracy of a special eigenvalue in the spectrum of the associated dissipation-projected Hamiltonian. Deep understanding of the quantum part of the criterion remains a challenge for the future. From the applicative viewpoint, our criterion allows dissipative targeting of pure states or simple mixtures of few quantum states, a task of fundamental importance in quantum computing. , and from interdisciplinary UoC Forum "Classical and quantum dynamics of interacting particle systems" is gratefully acknowledged. We thank G. Schütz for critical remarks on the manuscript.
